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Abstract. A closed lambda term M with head normal form (hnf) is said to have
infinitely measurable properties, i.e., for all closed lambda terms N , there is an
infinite set of non-beta-convertible terms Q such that M N can be beta-reduced
to Q. Precisely, a hnf represents a partial recursive function that has an infinite co-
domain and doesn’t map certain inputs to meaningful outputs. In this paper, we
show that a closed lambda term M with weak head normal form (whnf) but not
hnf has finitely measurable properties, i.e., for all closed lambda terms N , there
is only a finite set of non-beta-convertible terms Q such that M N can be beta-
reduced to Q with a size not larger than M’s size. Precisely, a whnf but not hnf
represents a bounded function that has a finite co-domain and effectively maps an
arbitrary input in an infinite domain to a output within the finite co-domain.

Keywords: lambda calculus · head normal form · weak head normal form · com-
putability · bounded function

1 Introduction

We use H to denote all closed head normal forms (hnfs) and Hλ for the closed λ-terms
having a hnf, and W\H for all closed weak hnfs (whnfs) without a hnf, and Wλ\Hλ

for those closed λ-terms having a whnf but without a hnf ( [1] and [4]). We also use Z
for the set of zero-terms 1.

A term M ∈ H is in the form of λx1...xn.xit0...tk where n > 0, k ≥ 0, and
1 ≤ i ≤ n. For M to be closed, the set of free variables in each tl must be bounded
by x1...xn, i.e., FV (tl) ⊆ {xj : 1 ≤ j ≤ n} for all l between 0 and k. When M
is applied to an arbitrary number of second terms N ∈ Λ0, one term at a time, there
are an arbitrary number of third terms Q such that the third terms have hnf and are not
β-convertible, i.e., |{Q : M ∈ H, N ∈ Λ0, M N ↠β Q,Q ∈ H}| = ∞. We say M
is active because of the head variable xi that can be freely substituted by a second term
in an application. Formally, we say M ∈ H represents a partial recursive function.

When a term M ∈ Z, M always keeps in the form of an application. When M is
applied to a second term N ∈ Λ0 and M N ↠β Q, the size of Q is never be less
than the size of M , i.e., |Q| ≥ |M |. We say M is inactive. Formally, we say M is
"undefined". Here the size of a term M refers to the number of symbols appearing in
M .

1 We don’t differentiate a term having a zero term, such as IΩ where I ≡ λx.x and Ω ≡
(λx.xx)(λx.xx), from a term in a zero term form, such as Ω, because all of them are in
the form of application. Therefore, we don’t introduce a notation like Zλ for the terms β-
convertible to a zero term.
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A closed term M ∈ W\H is in the form of λx1...xn.(λy.s)ut0...tk where n >
0, k ≥ 0, {FV (tl) : 0 ≤ l ≤ k} ∪ FV (u) ⊆ {xj : 1 ≤ j ≤ n}, and further
FV (s) ⊆ {xj : 1 ≤ j ≤ n} ∪ {y}. (When the subterm (λy.s)u is called the head
redex of M , we call λy.s the head abstraction of M in this paper. Further when a regular
redex (λx.s)u is said to be contracted, we also exchangeably say the abstraction λy.s is
contracted.) We know such a term has its activeness between those of the inactive zero
terms and the active hnf terms. In this paper, we quantify this activeness by showing a
M ∈ W\H is one of the following:

1. M identifies a finite number of W\H∪Z terms. When M is applied to an arbitrary
number of second terms N ∈ Λ0, one term at a time, there are only a finite number
of distinguished third terms Q such that M N ↠β Q, i.e., the set

{Q : N ∈ Λ0,M N ↠β Q}

is finite. When Q is identified by M , the size of Q is always less than the size of
term M , i.e., |Q| < |M |. When M identifies a non-empty set of elements (W\H∪
Z terms), we say M is meaningful.

2. When a term M ∈ W\H is applied to a second term N ∈ Λ0 and M N ↠β Q,
the size of Q is always larger than or equal to the size of term M , i.e., |Q| ≥ |M |.
In this case, we say M doesn’t identify any elements, and we further say M is
meaningless.

In the rest of the section, we give an outline of what is meant by the notion of
identity here, the approach of the proofs, and significance of this work. Given a closed
term λx.P ∈ Λ0 and x ̸∈ FV (P ), where FV (P ) denotes the set of free variables
in P , then for an arbitrary N ∈ Λ0, we have (λx.P )N →β Q ≡ P and therefore
|Q| < |λx.P |. When λx.P ∈ W\H, we will define that λx.P identifies P . Further
in the case that P ↠β λx.P , we will show that λx.P identifies only one element P ,
denoted as I(λx.P ) = {P}.

There are W\H terms that identifies multiple elements (W\H∪Z terms). A W\H
term expressing a conditional statement like "if...else if...then..." [2], facilitated by
multiple fixed-point combinators [5], can identify more than one elements. To have a
W\H term λx.P to identify more than one elements, the prerequisite of P ↠β λx.P
that leads λx.P to identify only one element is too tight. Instead, a looser condition
leading λx.P to identifies more than one elements is: N is never contracted and is
never substituted into Q, when λx.P is applied to an arbitrary N , which yields Q.

When λx.P is a W\H term and when λx.P is applied to an arbitrary N , which
yields Q, it is always true that N is never contracted. However, when N is substituted
into Q, λx.P doesn’t identify any elements. Like a zero term, we call λx.P meaningless
as the size of Q is larger than or equal to the size of λx.P .

To show that N is never contracted when λx.P is a W\H term and when λx.P
is applied to an arbitrary N , which yields Q, we will prove that each reduction can be
done by the leftmost reduction strategy only and eventually having Q ∈ W\H ∪ Z.
Because the leftmost reduction strategy only involves with contracting the head redex,
we will only show that N will never be a head abstraction during the reductions using
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the leftmost reduction strategy. Note that a non leftmost reduction can be used, but any
such reduction is insignificant in the process of reducing a Wλ\Hλ to its W\H form.

Because N is never contracted and further disappears from the resulting Q, we will
conclude that the sequence of symbols forming Q is independent from N but purely
relies on the permutations of a subset of the symbols within M . When the symbols
forming M is finite and the size of Q is proven to be smaller than M ’s size, the entire
set of the available permutations is finite, so is the set of identified terms Q that only
depends on the symbols in M .

The identity properties above about W\H terms are certainly applicable to all
Wλ\Hλ terms because the latter can be β-reducible to the former (or the former and
the latter are equal in terms of β-reduction).

A Wλ\Hλ term doesn’t have a unique W\H form. For example, a term NULL ≡
λz.(λx.λy.(xx))(λx.λy.(xx)), [5], can be reduced from the application: (λx.λy.(xx))
(λx.λy.(xx)) and further be reduced to: λw.NULL, where both NULL and λw.NULL
are in W\H forms. As we only talk about the identity properties of a Wλ\Hλ term,
we only need to pick one W\H form and it doesn’t matter which one is to be chosen.

In the theory of computability, there are quite many known classes of functions, in-
cluding partial recursive and total recursive, in correspondence to the terms with a HNF
form and the terms with a normal form respectively. A class of bounded functions, in-
cluding finitely supported functions, was shown in [5] to be expressible by W\H terms.
When we shows in this paper that if a W\H term has finitely measurable properties,
it actually represents a bounded function. Therefore, we will conclude that a function,
including the empty function, is bounded if and only if it can be represented by a W\H
term.

In Section 2, we develop the conclusions in the context of the lambda calculus.
During the discussion, we use graph, when expressed in W\H terms, to demonstrate a
cyclic graph’s properties of infinite paths with finite vertices are examples of the finitely
measurable properties we are developing in this paper. As our development doesn’t rely
on any properties of a graph, we describe graph simply from our daily-life observa-
tions on graph without providing the detailed and precise lambda term presentation of
a graph, which is available in [5]. In Section 3, we relate the main conclusions of this
paper to an extended lambda calculus and the notion of bounded functions developed
in [5] for the semantics of the W\H terms.

2 A W\H term identifies only a finite set of (W\H) ∪ Z terms

We start from the basic properties of the set Wλ\Hλ:

Proposition 1. ∀M ∈ W\H, ∀N ∈ Λ0, and M N ↠β Q, then Q cannot have a hnf,
i.e., Q ∈ (Wλ\Hλ) ∪ Zλ.

Proof. A term M is defined to have a hnf, i.e., M ∈ Hλ, if there is a sequence of
terms M0, ...,Mi ∈ Λ0 such that M M0 ... Mi ↠β I, where i ≥ 0 and I ≡ λx.x.
To differentiate itself from a term with a hnf, a term having a whnf but not a hnf, i.e.,
M ∈ Wλ\Hλ, must have: ∀xi ∈ Λ0, M x0 ... xi ↠β Q, where Q ̸≡ I and i ≥ 0.
(Otherwise, there would be a M x0 ... xi →β I for a i ∈ N , which is a contradiction.)
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We further determine: Q ∈ (Wλ\Hλ) ∪ Zλ. (Otherwise, if Q ∈ Hλ\I, then we
would have M N P →β QP �β I, for a P ∈ Λ0 and |P | ≥ 0, which is another
contradiction.) □

For any M ∈ Λ0, if we know M can be reduced to N ∈ Λ0, there is a standard
reduction to reduce M to N (Theorem 11.4.7 of [2]). This theorem says that not all term
M can be effectively reduced to N when only the leftmost reduction strategy is used if
we know M can be reduced to N . For example, Ω(II) would never be reduced to ΩI if
only the leftmost reduction strategy is used, where the zero term Ω ≡ (λx.xx)(λx.xx).
However, if we know M has a normal form, then only the leftmost strategy is sufficient
to effectively reduce M to its normal form (Theorem 13.2.2 of [2]). Similarly, we show
that if we know that M is reducible to N , where N ∈ W, then we can effectively
reduce M to N using the leftmost reduction strategy only. The strategy of proving the
conclusion is not different from the proof for Theorem 13.2.2 provided in [2]: a non
leftmost reduction doesn’t help to contract the leftmost redex of a Wλ term that must
be contracted in order to be reduced to an abstraction.

Proposition 2. Given M ∈ Wλ, M ↠β Q, where Q ∈ W, then the leftmost reduction
strategy is sufficient to reduce M to Q, i.e., M ↠l Q.

Proof. We prove it by induction on the size of the term M :
Case 1: M ∈ W. It is true by itself.
Case 2: M ≡ (λx.M0)M1:

1. The leftmost reduction strategy always makes progress in reducing M to Q: (λx.M0)M1

→l M0[M1/x].

(a) If M0[M1/x] ∈ W, we have M ↠l Q.
(b) If M0[M1/x] ≡ M01 M11...Mn1, we conclude M ↠l Q by induction (as to

be analyzed in Case 3 below).

2. A non leftmost reduction strategy, denoted as →β\l, doesn’t make any progress in
reducing M to Q: (λx.M0)M1 →β\l (λx.M

′
0)M

′
1, where M ′

0 and M ′
1 denote the

altered (reduced) terms of M0 and M1 after a non leftmost reduction. Because a
non leftmost reduction cannot get rid of the leftmost redex though the components
M0 and M1 may be altered. To reduce (λx.M ′

0) M
′
1 to an abstraction, a leftmost

reduction must be used. This tells us that if we use a non leftmost reduction, it may
be able to reduce M to Q eventually, but it would take more steps before a leftmost
reduction must be applied. Therefore, we conclude that a non leftmost reduction is
not necessary to reduce an application to an abstraction.

3. Because only a leftmost reduction makes progress and a non leftmost reduction is
not essential, and because there is an effective standard reduction strategy to reduce
M to Q, we conclude that the leftmost reduction strategy is sufficient to effecctively
reduce M to Q.

Case 3: M ≡ (λx.M0) M1...Mn. We assume that (λx.M0) M1...Mn−1 has been
reduced to Q′ ∈ W. According to Case 2, we prove that (λx.M0) M1...Mn ↠l

Q′ Mn ↠l Q by induction. □
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Proposition 2 says that a Wλ term can be reduced to a W term only using the
leftmost reduction strategy. Clearly, a Wλ\Hλ term can also be reduced to W\H by
the leftmost reduction strategy only:

Proposition 3. If M ∈ Wλ\Hλ, M ↠β Q, where Q ∈ W\H, then the leftmost
reduction strategy is sufficient to reduce M to Q, i.e., M ↠l Q.

Proof. This is true by following Proposition 2: if M ∈ Wλ\Hλ, i.e., M ∈ Wλ, then:
M ↠l Q, where Q ∈ W. We further determine Q ∈ W\H according to the definition
of terms having whnf but not hnf. □

Earlier, we showed the leftmost reduction strategy is sufficient in reducing a Wλ\Hλ

term to one of its W\H forms. Now we will show the leftmost reduction strategy is
sufficient to reduce an application M N , where M is a Wλ\Hλ and N is an arbitrary
closed term, to one of its W\H forms when M N is not reducible to an zero term:

Proposition 4. Given M ∈ Wλ\Hλ and ∀N ∈ Λ0, if M N ↠β Q, where Q ∈ W,
then

1. Q ∈ W\H.
2. the leftmost reduction strategy is sufficient to reduce M N to Q, i.e., M N ↠l Q.

Proof. 1. It follows Proposition 1.
2. According to Proposition 1, we have M N ↠β Q′, where Q′ ∈ Wλ\Hλ. Q′

cannot be a zero term as Q is not a zero term. Because Q′ ∈ Wλ\Hλ, so is
M N ∈ Wλ\Hλ. Then according to Proposition 3, we have M N ↠l Q. □

Applying a W\H term to a N ∈ Λ0 can produce a Z term. For example, we
consider (λx.Ω) meaningful because (λx.Ω)N →l Ω, where |Ω| < |λx.Ω|. We show
that the leftmost reduction strategy is sufficient to reduce such an application to a Z
term:

Proposition 5. If M ∈ Wλ\Hλ and ∀N ∈ Λ0, M N ↠β Q, where Q ∈ Z, then

1. M is in the form of λx.Z, where Z is a open or closed zero-term.
2. the leftmost reduction strategy is sufficient to reduce M N to Q, i.e., M N ↠l Q.

Proof. Let M ≡ λx1...xn.(λy.s)ut0...tk where n > 0, k ≥ 0, {FV (tl) : 0 ≤ l ≤
k} ∪ FV (u) ⊆ {xj : 1 ≤ j ≤ n}, and further FV (s) ⊆ {xj : 1 ≤ j ≤ n} ∪ {y}.
Because Q ∈ Z, we have n = 1, i.e., M ≡ λx1.(λy.s)ut0...tk and M N →l Q

′ ≡
((λy.s)ut0...tk)[N/x1].

Given Q ∈ Z, if the closed term Q′ ̸∈ Z, i.e., Q′ ∈ W, then Q′ cannot be β-reduced
to Q. Therefore it must be: Q′ ∈ Z.

1. M (≡ λx1.(λy.s)ut0...tk) must be in the form of λx.Z, where Z is a open or
closed zero-term (and the variable x1 is α-reduced to x). Specifically,
(a) if Z ≡ (λy.s)ut0...tk is a closed term, we have Q′ ≡ ((λy.s)ut0...tk)[N/x1] ≡

(λy.s)ut0...tk) ≡ Z. Therefore, M is in the form of λx.Z, where Z is a closed
zero-term.
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(b) if Z ≡ (λy.s)ut0...tk is an open term, then Q′ ≡ Z[N/x1] must be a closed
term because M is a closed term. Because for all N ∈ Λ0 we have Q′ ∈ Z, it
must be that Z be a zero-term, even open. Otherwise if Z ∈ W, i.e., Z ≡ λx.P
for a P ∈ Λ0, then Q′ ≡ Z[N/x1] ≡ λx.(P [N/x1]) ∈ W. Saying Q′ is an
abstraction is a contradiction.

2. Because we have: M N →l Q
′ ∈ Z, we let Q′ ≡ Q ∈ Z. Therefore, we conclude

that the leftmost reduction strategy is sufficient to reduce M N to Q ∈ Z.□

Propositions 4 and 5 says that given a M ∈ Wλ\Hλ and ∀N ∈ Λ0, the leftmost
reduction strategy is sufficient to reduce M N to one of its (W\H) ∪ Z forms.

Given a Wλ\Hλ term M , an arbitrary closed term N , when only the leftmost
strategy is used to reduce M N to one of its (W\H) ∪ Z forms, then N will never be
contracted:

Proposition 6. When ∀M ∈ Wλ\Hλ, ∀N ∈ Λ0, we have:

1. The leftmost reduction strategy is sufficient to reduce M N to its W\H form or a
Z term, i.e., M N ↠l Q, where Q ∈ (W\H) ∪ Z,

2. Each reduction step from M N to Q in the leftmost β-reduction strategy doesn’t
have N being contracted, i.e., for all P ≡ R0R1...Rn, where n > 0, such that
M N ↠l P ↠l Q, we have: N ̸≡ R0.

Proof. 1. According to Propositions 4 and 5.
2. If N is contracted, i.e., ∃P ≡ R0R1...Rn, where n > 0, such that M N ↠l P ↠l

Q and N ≡ R0, we will be able to choose N to be a hnf, i.e., N ∈ H, and further
choose R1, ..., Rn for a n such that M N ↠l NR1...Rn ↠l I. Choosing N ∈ H
is possible because N is a random term in Λ0. According to the definition of hnf,
such a reduction is possible, a contradiction to Proposition 1. □

When N is not contracted, N must be either a substitute or never be a substitute in
Q, i.e., we substitute N for the free occurrences of a variable in M when M is applied
to N , which yields Q:

Notation 1 Given ∀M ∈ Wλ\Hλ, ∀N ∈ Λ0, when only the leftmost reduction strat-
egy is used to make reductions: M N ↠l Q, where Q ∈ (W\H ∪ Z) (and therefore
N is never contracted), then we use [N ] ∈ Q to denote that N is a substitute remaining
in Q if it is, and [N ] ̸∈ Q to denote N is not a substitute remaining in Q if it isn’t.

Note, we avoided to say N is a subterm of Q when [N ] ∈ Q or N is not a subterm
in Q when [N ] ̸∈ Q because Q may include N as a subterm which is not from a
substitution but from M .

We alternatively say N disappears from Q when [N ] ̸∈ Q.

Definition 1. Let M ∈ Wλ\Hλ, ∀N ∈ Λ0, and let I(M) ≡ {Q : M N ↠l Q,Q ∈
(W\H ∪ Z), [N ] ̸∈ Q}, then we say M identifies the set I(M).

We are almost ready to show that I(M) is finite as long as the size |M | is finite.
Before doing so, we give examples on what various I(M) sets look like. We start with
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an example identifying a single zero term: λx.Ω, where I(λx.Ω) = {Ω}, a singleton
set.

In [5], a term NULL ≡ λz.(λx.λy.(xx))(λx.λy.(xx)) was introduced, which is
a W\H term, as NULL N ↠l NULL for all N ∈ Λ0. We have I(NULL) =
{NULL}, another singleton set.

The two examples given above are singleton sets being identified. This is because
M being applied to N is in the form of M ≡ λx.P , where x /∈ FV (P ), when M N
is reduced to Q. When M N ↠l Q ∈ W\H, there are other cases that make N
disappears too. When N is never contracted using the leftmost reduction strategy, it only
means if M N →l Q

′ ≡ (λy.s)ut0...tk ↠l Q ∈ W\H, N would never be (λy.s). But
it is still possible that N appears in u and (or) in ti for 0 ≤ i ≤ k. N disappears from
Q only after multiple leftmost reductions. This sets a condition allowing M to identify
multiple elements. A graph as to be demonstrated below is an example.

A (cyclic) graph with a finite number of vertices and a (potentially) arbitrary number
of paths is a typical real-world application of certain W\H terms with finitely multiple
measurable properties, where W\H terms fully express the graph. In [5], such W\H
terms express an Enterprise-Participant (EP) database that is more intuitively used to
express and manipulate a (cyclic) graph. For example, we may have an EP database
D = {a b := b; b a := a; b c := c; } that defines a cyclical directed graph with
connections from a to b, from b to a, and from b to c, where we have EP reductions
a b c ↠D c, a b a ... b ↠D b, and a d ↠D null (were d is an identifier not defined
in D) for having paths a b c and a b a ... b but not having a path a d respectively.
When we use λ(a), λ(b), and λ(c) for the corresponding W\H terms of a, b, and c
respectively, we have λ(a) λ(b) λ(c) ↠l λ(c), λ(a) λ(b) λ(a) ... λ(b) ↠l λ(b), and
λ(a) λ(d) ↠l NULL, where NULL is in a correspondence of a special EP-term null.
Therefore, we have: I(λ(a)) = {λ(b), NULL}, I(λ(b)) = {λ(a), λ(c), NULL}, and
for the rest of the identifiers: I(λ(c)) = I(λ(d)) = ... = {NULL}, where any
identifiers like d not in D and D-reduced to null have NULL as the corresponding
W\H term2.

The terms λ(a), λ(b), and λ(c) above are W\H terms that are essentially condi-
tional statements like "ifx ≡ ...else ifx ≡ ...elseNULL", facilitated by multiple
fixed-point combinators [5]. When a W\H term like λ(a) is applied to another term
N that yields Q, N substitutes x in the W\H term. N is never been contracted, nor
appear in Q. However, N is converted to a syntactical form and compared with the syn-
tactical form converted from other subterms in the given W\H term. The result from
the comparison determines which Q as a subterm in the given W\H term would be
yielded.

Now we turn our attention to a sample term that doesn’t identify any elements.
When M N ↠l Q, where M,Q ∈ W\H, N may not disappear from Q. An example
is developed by slightly modifying the NULL λ-term, and denoted as NULL0:
NULL0

≡ (λx.λy.(xxy))(λx.λy.(xxy))

2 Note that a term like λ(a) could be better denoted as λ(D, a) because it is determined by a
specific database instance of D in addition to a being defined in D.
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=β λy1.((λx.λy.(xxy))(λx.λy.(xxy))y1)
3

=β λy1.(λy2.((λx.λy.(xxy))(λx.λy.(xxy))y2)y1)
...
=β λy1.(λy2.(...(λyn.((λx.λy.(xxy))(λx.λy.(xxy))yn)...)y2)y1), for any n ≥ 1.

When applying NULL0 to other terms:
NULL0N1N2...Nn

=β λy1.(λy2.(...(λyn.((λx.λy.(xxy))(λx.λy.(xxy))yn)...)y2)y1)N1N2...Nn

=β (λy2.(...(λyn.((λx.λy.(xxy))(λx.λy.(xxy))yn)...)y2)N1)N2...Nn

=β ((...(λyn.((λx.λy.(xxy))(λx.λy.(xxy))yn)...)N2)N1)...Nn

...
=β ((...(((λx.λy.(xxy))(λx.λy.(xxy))Nn)...)N2)N1), for any n ≥ 1.

According to Definition 1, we have I(NULL0) = ∅.
To show that I(M) is finite when M identified non-empty elements, we give an-

other general property of the lambda calculus regarding the size of a lambda term: the
number of variable occurring in the term (We could also alternatively count the entire
symbols including "."s and "λ"s in a term to be the size of a term, as defined in [2]. But
we choose the former for convenience.): |x| = 1 for a variable x, |M N | = |M |+ |N |,
and |λx.M | = 1 + |M |.

Proposition 7. Given M ≡ λx.P and an arbitrary N ∈ Λ, let M N →l M [N/x] ≡
Q:

1. if |N | = 1, then |Q| = |M | − 1, i.e., |Q| < |M |.
2. if |N | > 1,

(a) if x /∈ FV (P ), then |Q| = |M | − 1, i.e., |Q| < |M |
(b) if x ∈ FV (P ), then |Q| ≥ |M |.

Proof. 1. when |N | = 1, N is a variable and the size of M [N/x] ≡ Q is the size of
P , which is M ’s size minus 1, i.e.,|Q| = |M | − 1. We have |Q| < |M |.

2. if |N | > 1,
(a) when x /∈ FV (P ), we have M [N/x] ≡ P ≡ Q. Then we have |Q| = |P | =

|M | − 1, i.e., |Q| < |M |
(b) when x ∈ FV (P ), we assume x has n occurrences in P where n ≥ 1, then

|Q| = |P |+(|N |−1)∗n = |M |−1+(|N |−1)∗n = |M |+ |N |∗n−(n+1).
In minimum when |N | = 2, for λx.x as an example, and n = 1, we have |Q| =
|M |. When n > 1, we have |Q| > |M |. Therefore, we conclude |Q| ≥ |M |.□

Lemma 1. Let M ∈ W\H and I(M) be the set identified by M :
1. for each Q ∈ I(M), |Q| < |M |
2. If I(M) = ∅, then for each N ∈ Λ0 and M N ↠l Q, |Q| ≥ |M |.

Proof. A term M ∈ W\H is in the form of λx1...xn.(λy.s)ut0...tk where n > 0, k ≥
0, {FV (tl) : 0 ≤ l ≤ k} ∪ FV (u) ⊆ {xj : 1 ≤ j ≤ n}, and further FV (s) ⊆ {xj :
1 ≤ j ≤ n} ∪ {y}. When M is applied to a N ∈ Λ0, we have:

3 Note we take advantage of the α-equivalence rule here to introduce new variable symbols
y1, y2, ..., yn though the α-equivalence rule is not explicitly introduced here.
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M N
≡ (λx1...xn.(λy.s)ut1...tk) N
→l Q

′

≡ λx2...xn.(λy.s[N/x1])u[N/x1]t1[N/x1]...tk[N/x1].

1. When Q′ ↠l Q ∈ I(M), and therefore [N ] ̸∈ Q,
(a) When n > 1, Q will be identical to Q′ because there is no leftmost reductions

after Q′. Therefore Q is an abstraction, i.e., a W\H form. Because [N ] ̸∈ Q,
we must have: s[N/x1] ≡ s, u[N/x1] ≡ u, tj [N/x1] ≡ |tj | for all 1 ≤ j ≤ n,
and therefore |s[N/x1]| = |s|, |ti[N/x1]| = |ti| for all 0 ≤ i ≤ k. As a result,
we have:
|λx2...xn.(λy.s)ut1...tk|
=
|(λx1...xn.(λy.s)ut1...tk| − 1.
It is clear that |Q| < |M |.

(b) When n = 1, Q′ is an application, i.e.,
Q′ ≡ (λy.(s[N/x1])) (u[N/x1]) (t1[N/x1])...(tk[N/x1])
↠l Q ∈ (W\H) ∪ Z.
N may appear in intermediate terms, such as in the reduced terms of ti[N/x1]
and (λy.(s[N/x1])) (u[N/x1]). Further N ’s (multiple) substitutions in M can
cause the size of resulting term increases. For example, (λx.x x x) N →a

N N N , where |N N N | would be bigger than |(λx.x x x)| if |N | > 1. But
eventually N disappears from Q. To show the size of Q will not exceed the size
of M , we can safely assume the size of N is 1, or treat N as a unique variable,
because N is not contracted and appear as a whole all the time. According to
Proposition 7.1, we have |Q| < |M |.

2. I(M) = ∅. When N appears in Q, it means x1 ∈ FV ((λy.s)ut1...tk) N). Ac-
cording to Proposition 7.2.(b), we have |Q| ≥ |M |. □

How do we understand NULL N ↠l NULL where NULL is both M and Q
in the conclusion |Q| < |M | of Proposition 7.2.(a) (and Lemma 1.1) that contradicts
|NULL| = |NULL|? This is because NULL has multiple forms that are β-equivalent:
NULL
=β (λx.λy.(xx))(λx.λy.(xx))
→l λz.(λx.λy.(xx))(λx.λy.(xx))
≡ NULL

When we write: NULL N ↠l NULL, it actually is:
M N
≡ λz.(λx.λy.(xx))(λx.λy.(xx)) N
→l (λx.λy.(xx))(λx.λy.(xx))
≡ Q

Therefore, we have |Q| < |M | and Q =β M . Similarly in the graph example given,
where the vertices are represented by λ(a), λ(b), and λ(c), each vertex, say a, has two
β-equivalent terms Ma ∈ W\H and Qa in the form of an application such that Ma

contains Qa (and additionally Qb, and Qc for the vertics b and c) as its subterm(s). As
a result, we have |Qa| < |Ma|.



10 Kevin H. Xu

Theorem 1. Let M ∈ W\H, |M | is finite, and M identifies a set of terms, i.e.,
I(M) ≡ {Q : ∀N ∈ Λ0, M N ↠l Q,Q ∈ (W\H ∪ Z), [N] ̸∈ Q}, then I(M)
is finite.

Proof. When M is applied to N , which yields Q and M identifies Q, N disappears
from Q. Therefore, the sequence of the symbols in Q is independent from N , but de-
termined by a permutation of a subset of the symbols in M . According to Lemma 1.1,
|Q| < |M |, i.e., the size of Q is always smaller than the size of M , we determine that
the number of permutations from M to form a Q is finite. □

Theorem 1 is applied to all the W\H terms. When a term M doesn’t identify an
element, we have I(M) = ∅.

Theorem 2. Let M ∈ Wλ\Hλ, |M | is finite, and M identifies a set of terms, i.e.,
I(M) ≡ {Q : ∀N ∈ Λ0, M N ↠l Q,Q ∈ (W\H ∪ Z), [N] ̸∈ Q}, then I(M) is
finite.

Proof. By Proposition 3, we can use the leftmost reduction strategy to reduce M to one
of its W\H term, denoted as M ′. Because |M | is finite, so is |M ′|. Then use Theorem
1, we conclude I(M) is finite. □

When we say N disappears from Q after reductions M N ↠l Q, where M ∈
Wλ\Hλ and Q ∈ W\H, we actually say that N doesn’t have an impact to the fact
that M identifies a finite set I(M) and the set I(M) is independent from an individual
N . To emphasize this point, we given another corollary:

Corollary 1. Let M ∈ W\H and |M | < ∞, if M identifies a non empty set of terms
I(M), then for every N ∈ Λ0, M N ↠l Q, where Q ∈ I(M) .

Proof. Let M N ↠l Q ∈ I(M) ̸= ∅ for a N ∈ Λ0, i.e., N disappears from Q. If
there is a M N ′ ↠l Q

′ ̸∈ I(M) for another N ′ ∈ Λ0, it implies that N ′ appears in
Q′ ∈ (W\H) ∪ Z. This contradicts to Definition 1.□

On the other hand, as a recall, N plays a role of determining which Q is ended with
when M ′ N is reduced. Therefore, N is embedded as part of M ′, while N has never
been a substitute, for a role to be syntactically compared with others in a way defined
in [3].

3 Related work

In [5], an approximation [Λ0]s to the lambda calculus was developed, where s ∈ N
denotes a number of steps a partial computation takes to enumerate the closed λ-terms.
Such a finite set [Λ0]s is syntactically converted to a database D in the Enterprise-
Participant (EP) data model. Independently from approximations to the lambda calcu-
lus, we can construct an EP database for certain applications such as a graph as an
example given in Section 2.

An EP database is interpreted as a bounded function that is recursive and has a finite
co-domain while an infinite domain. Let f : X → Y be a function, where X has an
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arbitrary number of objects and Y a finite number of objects, let A ⊆ X and a be a
special object in Y , i.e., a ∈ Y , and further let

f(x) = b, where b ∈ Y and b ̸= a, if x ∈ A

= a if x ∈ X\A.

Then we say f is bounded, particularly when A ≡ X . When A is finite, i.e., A ⊂ X ,
we say f has a finite support, or simply we say f is finite. A finite function is bounded,
but a bounded function may not be finite as it potentially has an infinite domain X .
Further, we require a bounded function be always recursive, i.e., the computation on
f(x) terminates and f(x) ∈ Y for any x ∈ X .

By saying a function being bounded, we mean that under a given EP database D,
potentially an arbitrary number of EP expressions are meaningful. For example, the EP
database that is defined by a finite number of EP expressions for a directed cyclic graph,
as given in Section 2, supports infinite queries for infinite possible paths in the graph.

With the setting of the partial computations for approximations to the lambda cal-
culus, where we can mathematically increase computation steps to infinity, it was con-
cluded that EP is semantically equivalent to the lambda calculus because we have a
sequence of databases: D0, D1, ... and the union of all the databases essentially con-
tains all the properties of the lambda calculus. Consequently, we say the sequence of
the bounded functions in the correspondence to D0, D1, ... is semantically equivalent
to Turing machine as well.

An approximation to the lambda calculus, i.e., an EP database converted from the
approximation, has been found to be expressible in lambda terms: an EP database D
is expressed in a finite set of weak head normal forms (whnf) without a head normal
form (hnf). Given a database with a finite set of elements, denoted as NF (D), there
is a corresponding set of λ-terms, denoted as λ(NF (D)) ⊂ W\H that interprets the
database 4, i.e.,

∀m ∈ NF (D), ∀n ∈ NF (D), ∃q ∈ NF (D),m n =D q =⇒ M N =β Q

where M,N,Q ∈ λ(NF (D)) ⊂ W\H in a correspondence to the given m,n, q ∈
NF (D) respectively, and =D denotes an equality relation in EP.

The bounded function defined by a database is recursive in the sense that for any
m,n ∈ NF (D), m n can be effectively reduced to q ∈ NF (D) in EP, i.e., m n ↠D q.
More generally, for all m ∈ NF (D) and all n ∈ E 5, m n ↠D q, where q ∈ NF (D).

The corresponding recursiveness in λ(NF (D)) is in the sense of the following:

1. Given M,N ∈ λ(NF (D)), we are certain we will obtain a Q ∈ λ(NF (D)) within
a finite number of reductions: M N ↠β Q.

2. For each M ∈ λ(NF (D)), any λ term M ′ ∈ Λ0 that is β-convertible to M can be
effectively reduced to M in the extended lambda calculus introduced in Section 5
of [5], i.e., M ′ ↠β,NULL,λ(D) M

4 See Theorem 5.6 of [5] for the full description. The description provided here is simplified but
sufficient.

5 E denotes the set of all EP terms in a correspondence to all the closed λ terms. See more in
[5].
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3. For each M ∈ λ(NF (D)) and for any N ′ ∈ Λ0 that is not β-convertible to a term
N ∈ λ(NF (D)), applying M to N ′ can be effectively reduced to NULL, i.e.,
MN ′ ↠β,NULL,λ(D) NULL in the extended lambda calculus defined in Section
5 of [5].

In Section 2, we showed that a W\H (and extensively Wλ\Hλ) term identifies a
finite set of (W\H)∪Z terms. Theorem 1 (and extensively Theorem 2) essentially says
that a W\H term represents a bounded function and the entirety of its properties can
be inventoried in a finite EP database while the properties of a partial recursive function
can only be approximated in a finite EP database. To this end, we conclude:

Theorem 3. A function is bounded if and only if it can be represented in a W\H term.

What is the sense of recursiveness of W\H terms when we may not know the
corresponding EP databases? If we know a M ∈ Wλ\Hλ, if we randomly choose a
N ∈ Λ0, we know we can effectively obtain its W\H form if it does have or a Z term
otherwise by making a finite number of reductions starting from M N . The problem is
that we don’t know if M has a W\H form or it is a Wλ\Hλ term at the first place.

While it is well known that the entire set of closed lambda terms Λ0 is recursively
enumerable (r.e.) and the individual subsets such as normal forms and Wλ\Hλ terms
cannot be r.e., we have a class of bounded functions is r.e., as there is an algorithm to
enumerate all EP databases [5]. This leads us to conclude that the set of W\H terms
identifying non-empty elements is r.e., where each W\H term is unique in terms of
β-reducibility. Such an enumeration can be performed by enumerating all EP databases
and then converting the EP databases to the corresponding W\H terms.
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